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where

z D f1 ¡ e cos Qb (a0/ l )tg (13b)

It is found that Eq. (13a) may then be integrated by parts to yield

\ (t ) D \ 0 C 3
2

J2

( e / g0) cos Qb
R

a0

2

fexpf8zg[8 cos(mz C i0)

C m sin(mz C i0)] ¡ [8 cos(i0) C m sin(i0)]g (14a)

where

m D ¡(2/ p ) tan Qb (14b)

A set of closed-form solutions representing the evolution of an
expanding, precessing quasicircular orbit with continuous plane
change have now been obtained. These solutions will now be used
in an illustrative example.

IV. Example: Low-Thrust Spiral
To illustrate the use of the solutions, a simple spiral maneuver

will be investigated.A low-thrust vehicle with an acceleration e of
1 mm s¡2 will be considered with an initial altitude of 400 km and
an inclinationof 89.5 deg. The Edelbaum steering law will be used
with Qb D 10 deg to increase the orbital inclination as the vehicle
sprials outward.

The changein elements is shown in Fig. 2 overa periodof 50 days.
Numerical solutions obtained from the full nonlinear dynamics are
also shown for comparison.It canbe seen that the nodal rate changes
signas thevehicleorbitbecomesretrograde.In addition,the increase
in ascending node slows as the vehicle altitude increases. This is
due to the strong coupling of nodal rate to semimajor axis. The
total change in ascending node angle is seen to be small due to the
high initial inclination. However, for lower inclinations substantial
changesin ascendingnode angle canaccumulate.9 It can be seen that
the analytic solutions prove accurate and capture coupling effects
in the dynamics such as nodal rate reversals.

V. Conclusions
The dynamics of a low-thrust orbital transfer vehicle under the

action of Earth-oblateness perturbations has been considered. A
set of coupled, orbit-averaged equations have been derived, which
may be solved sequentially.Analytic solutions for semimajor axis,
true anomaly, inclination, and ascending node angle have been ob-
tained. These solutions extend previous, well-known solutions for
low-thrust spiral motion and may be used for mission analysis and
design purposes.
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Introduction

F OR future activities in space, the role of robotic manipulators
carriedby a spacecraftwill be importantand it has receivedcon-

siderable attention. However, for practical applications, there will
be many dynamic and control problems due to the dynamic cou-
pling between the manipulator arm and the spacecraft main body.
The attitude of the spacecraft will be disturbed by movement of a
manipulator whereas steady-state condition is desirable for many
reasons such as keeping communication links and using vision sys-
tems. A number of studies have analyzed the dynamic coupling
problems and proposed methods of planning the path of space ma-
nipulators from the above point of view.1,2 Dubowsky and his group
developed an approach to the manipulator path planning that gives
minimum disturbance to the spacecraft attitude.3,4 This approach
makes use of an aid called a disturbance map (DM) or enhanced
disturbancemap (EDM). They proposed a method for planning the
minimum-disturbancemanipulatorpath thatgives the minimumfuel
consumption for attitude control. This approach is most attractive
for its simplicity although it assumes the use of the attitude control
system for the spacecraftmain body. Moreover, the applicationsare
restricted to two- or three-link manipulators because the planning
procedure requires joint space visualization and ad hoc decisions.
This Note proposesa new method for planning the manipulatorpath
using an algorithm based on the concept of EDM. The method se-
quentially determines the direction of joint movements in the joint
space that simultaneously minimizes the disturbance to the space-
craft attitude and realizes the desired terminal joint angles.

EDM
We here consider a space robot system in two-dimensionalspace.

When there are no external forces and torque,with zero initial angu-
lar momentum, the conservationof the angularmomentum provides
the relation between the spacecraft attitude variation d v and the
small angularmovements of the manipulatorjoints d q. This relation
enables us to draw an EDM4 for the method of path planning. The
EDM shows the direction of joint movements, at each point in the
joint space, that causes zero disturbance to the spacecraft attitude
due to the manipulator motion as well as the magnitude of the max-
imum attitude disturbance.Figure 1 shows an example of EDM for
a planner space robot with a two-link manipulator.The plotted lines
are zero-disturbancelines along which attitude disturbance is zero,
and the contourmap shows magnitudeof the maximum disturbance.
The darker area of the contour map shows the higher magnitude of
the maximum disturbance. The feature of the EDM varies depend-
ing on the speci� c mass and length parameters of the bodies in the
system.
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Fig. 1 Example of an EDM.

Minimum-Disturbance Path Planning
The purpose of the path planning is to reduce disturbances to the

spacecraftattitude caused by the manipulatormotion.5 We compare
two different algorithms for the manipulator path planning.

Algorithm 1
This algorithm determines the direction of joint movements that

coincides with the direction to the desired terminal joint angles at
each step.

1) Give the initial and desired positions of the end effector hi and
hd , respectively.

2) Calculate the initial and desired terminal joint angles qi and
qd , respectively.

3) Determine the vector of joint movements at the kth step d qk to
be in the direction of qd ¡ qk , where qd realizes hd at the present
attitude angle of the spacecraft v k .

4) Update the attitude angle and joint angles.
5) Compute the positionvectorof the end effector at the (k C1)th

step hkC1 for v kC1 and qkC1.
6) If jD hkC1j D jhd ¡ hkC1j < e , terminate the maneuver. If not,

repeat from step 3.

Algorithm 2
Algorithm 2 is a method of path planning that reduces the dis-

turbances caused by joint movements. This algorithm differs from
Algorithm 1 in step 3, where two directions of joint movements
for each small step are taken into consideration.One of them, d qa ,
is to realize the terminal joint angles, and the other, d qb , is to re-
duce disturbancesto the spacecraftattitude.The vectorof total joint
movements is determinedas a weighted sum of these two vectors of
joint movements, where the weighting depends on the magnitude
of the disturbancecaused by the joint movements. If the magnitude
of disturbances is large, the joint movement is determined to reduce
the disturbance, whereas if the magnitude of disturbances is small,
it is determined to be nearly in the direction of the desired terminal
joint angles. Step 3 of Algorithm 1 is revised as follows.

3-1) Determine d qa
k as d qk .

3-2) Determine d qb
k for the attitude angle d v k

d D v k ¡ v d to be
corrected, where v d is the desired attitude of the spacecraft and v k

is the attitude of the spacecraft at the kth step.
3-3) The vector of actual joint movements d qk is determined at

each step as follows:

d qk D t d qa C (1 ¡ t ) d qb

where

t D
n

m C n
, m D

d v a
k

d v s
, n D

d v s

d v a
k

C
b

D h

and d v a
k is the magnitude of the disturbance caused by d qk , d v s is

the standard value of disturbances,D h is the distance between the
present position of the end effector and the desired position, and b
is a real number.

Numerical Example
The speci� c mass and length parameters used in the simulation

are as follows:

mass M0:M1:M2 D 20.0:1.0:1.0

length l0:l1:l2 D 1.0:1.0:1.0

The initialattitudeof the spacecraftand initialand terminalpositions
of the end effector are given as

v i D 0.0, hi D (1.5, 1.5)T , hd D (0.4, 0.4)T

Simulation results for the problem are presented in Figs. 2–4. The
parameters used for the algorithms are chosen as

a D 0.001 [rad], b D 0.5, e D 0.001

Algorithm 2 reduces the attitude disturbances, as shown in Fig. 4.
The attitude errors at the � nal stage of the maneuver are due to

Fig. 2 Results of path planning on EDM.

Fig. 3 Motion of the system
with Algorithm 2.

Fig. 4 Sequence of spacecraft attitude angles.
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large weighting to the direction of joint movements for realizing the
desired terminal conditions.

Conclusion
This Note proposes a method of path planning for space ma-

nipulators that reduces disturbances to the spacecraft attitude. The
proposed method uses the EDM for planning the manipulator path
in the joint space. The method sequentiallydetermines the direction
of small steps of joint movements that compromises the biobjec-
tives of minimizing the disturbance to the spacecraft attitude and
realizing the terminal end effector position. Numerical simulations
have been made for a space robot with a two-link manipulator.The
results of the simulations show the feasibility of the present path
planning algorithm.
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I. Introduction

I NCREASING performance speci� cations require that many fu-
ture spacecraft use active structural control to meet payload

pointing performance speci� cations. The Middeck Active Control
Experiment (MACE) was developed to investigate the issues as-
sociated with developing controllers for on-orbit operations, based
on ground testing. The change from 1-g ground tests to 0-g exper-
imentation introduces uncertainty in the � delity of ground-based
models; thus, robust control techniques must be used in the design
of compensators.

This Note uses experimental results from MACE ground tests to
presenta comparisonof sensitivity-weightedlinear quadraticGaus-
sian (SWLQG),1 maximum entropy (ME),2,3 and multiple model
(MM)4 control with H2 optimal LQG,5 looking particularly at the
robustness/performance tradeoff.
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II. H2 Control Techniques
Common to each of the controltechniquesis the systemdynamics

Px D Ax C Bww C Buu

z D Cz x C Dzww C Dzuu (1)

y D Cy x C Dyww C Dyu u

which are controlled through a dynamic compensator of the form

Pxc D Acxc C Bc y, u D Cc xc (2)

where w is a vector of uncorrelated white-noise disturbances with
unit intensity, u is the control input vector, z is the performance
vector, and y is the measurement vector.

Optimal H2 control (LQG)5 minimizes the H2 norm (from w to
z) of this system, or equivalently the cost functional

J D lim
t!1

EfzT zg D lim
t!1

E xT Rxx x C 2x T Rxuu C uT Ruuu (3)

For this Note, the noise (Vx x , Vx y , Vyy ) and performance weights
(Rx x , Rxu , Ruu ) are completely de� ned by the actual disturbance
inputs (w) and performance variables (z) so that

V D
Vx x Vx y

V T
xy Vyy

D
Bw

Dyw

BT
w DT

yw ¸ 0, Vyy > 0 (4)

and

R D
Rx x Rxu

RT
xu Ruu

D
C T

z

DT
zu

[Cz Dzu] ¸ 0, Ruu > 0 (5)

This de� nition is restrictivebut results in optimal H2 controllersfor
the system in Eq. 1.

The maximum entropy2,3 approachminimizes the cost functional
[Eq. (3)] but uses a multiplicative white-noise model of paramet-
ric uncertainty in the dynamics. The maximum entropy equations
of Collins et al.3 are designed for handling uncertainty in natural
frequencies of � exible structures and are used herein. The equa-
tions provide weightings ( d i ) for each mode that is considered
uncertain.

The multiple model technique minimizes a weighted average of
the H2 norms of a discrete set of models.4 Robustness is added by
selecting a set of models that have different values for uncertain
parameters. In this Note, the number of models is always three: one
is the nominal model, and the other two have positive and negative
shifts, respectively,of each of the uncertain modes. The solution is
obtained through a quasi-Newton optimization.

Finally, theSWLQG techniquerequiressomeelaborationbecause
no complete reference is available. SWLQG is essentially an LQG
problem that is suboptimal for the system in Eq. (1) but is more
robust than the optimal. It provides a formal method for choosing
the weights (R and V ) to provide good H2 performance for the
system with greater robustness.

Ignoringfor a moment thenoise inputw in Eq. (1), SWLQR1 opti-
mizes the standardLQR cost functionalwith an additionalquadratic
term in the sensitivity states of the system

J D lim
T !1

T

0

xT Rx x x C
n a

i D 1

¶ xT

¶ a i
R a a i

¶ x

¶ a i

C 2xT Rxu u C uT Ruuu dt (6)

where ¶ x / ¶ a i is the sensitivity state vector and is obtained by dif-
ferentiating Eq. (1) to yield

¶ Px
¶ a i

D A
¶ x

¶ a i
C

¶ A

¶ a i
x C Bu

¶ u

¶ a i
C

¶ Bu

¶ a i
u (7)

The solution of this problem is not � nite dimensional because of
the presence of the ¶ u/ ¶ a i term. However, several methods6 exist
for approximating ¶ u/ ¶ a i , with the simplest being to assume that
¶ u/ ¶ a i is small and neglect its contribution.


